In this paper, we construct a three-phase model (that is, a system consisting of three homogeneous regions with various scattering length densities), which illustrate the behavior of small-angle scattering (SAS) scattering curves. Here two phases are a deterministic fractal embedded in another deterministic mass fractal, and they altogether are further embedded in a third phase, which can be a solution or solid matrix. We calculate SAS intensities, derive expressions for the crossover position (that is, the point where the power-law scattering exponent changes) as a function of control parameters, including size, concentration, and volumes of each phase. The corresponding SAS intensities from these models describe a succession of power-law regimes in momentum space where both regimes correspond to mass fractals. The models can be applied to SAS data where the absolute value of the scattering exponent of the first power-law regime is higher than that of the subsequent second power-law regime, that is, the scattering curve of "convex" kind near the crossover position.
I. INTRODUCTION
Small-angle scattering (SAS) [1, 2] experimental data (Xray or neutron) often show a succession of power-law regimes, on a double logarithmic scale, whose scattering exponents are taking arbitrarily values from −4 to −1. Although this type of behavior is usually associated with a multilevel structure, the explanation of the crossover position is a more intricate problem and a method to extract the structural properties about each phase is lacking. Experimentally it has been shown that the crossover position in a multi-phase system can depend on the variation of the scattering length density (SLD) of the component phases [3] and a theoretical framework for describing these type of results has been developed in Ref. [4] where this dependence of the crossover position was confirmed for the particular transition between the Porod and mass fractal [5] regimes.
Recently, a practical formula which can be used to fit experimental SAS data from multi-phase systems has been derived [6] . It can be applied to SAS data which show a succession of power-law regimes: I(q) ∝ q τ , where τ = D for mass fractals (0 < D < 3), and τ = 6 − D for surface fractals (2 < D < 3) [7] . However, for fractal structures embedded in other fractal structures, the underlying physical structure of each phase and their spatial correlations are usually difficult to be clearly understood. In this paper we extend the results obtained in [4] to the transition between two mass fractal regimes, we calculate the corresponding scattering intensity and estimate the crossover position.
II. MODELS
The three-phase model consists of a uniform matrix with scattering length density (SLD) ρ 0 (region 3) which contains * anitas@theor.jinr.ru mass fractal regions with SLD ρ 1 (region 1) which absorb other mass fractals with SLD ρ 2 (region 2). A similar model in which a mass fractal is embedded in a ball has been developed in [4] . In Ref. [6] we relate this model to the type I structure "fractal inside fractal".
The construction process of the fractal used here is very similar to that of the generalized Cantor and Vicseck fractals [8, 9] . For the both fractals we start with a cube of edge l 0 . We choose a Cartesian system of coordinates with the origin in the cube center and the axes being parallel to the cube edges. The iteration rule is to replace the cube of edge l 0 with twenty one smaller cubes of edge length l 1 = l 0 /3. The positions of the cubes with edge l 1 correspond to a Menger sponge structure with an additional cube in the center. At the mth iteration the edge of the resulting cubes is l m = l 0 /3 m . The normalized scattering amplitude (form factor) of an object is F (q) = 1/V V e −iq·r dr, where V is the volume of the object and F (0) = 1. Then for regions 1 and 2, the normalized form factors of the fractals at the mth iteration can be written as [8] [9] [10] 
is the form factor of a cube of unit edge length, and G 1,2m are the generative functions of the fractals with the property that G 1,20 (q) ≡ 1. They are determined by the positions of the centers of the cubes for each iteration, and for the region 1 (Fig. 1, lower panel) it is given by
where we denote Γ m (q) = cos(l m q x ) cos(l m q y ) + cos(l m q x ) cos(l m q z ) + cos(l m q y ) cos(l m q z ) and Λ m (q) = cos(l m q x ) cos(l m q y ) cos(l m q z ). For the region 2 we consider as generator the same cube with edge l 0 and we choose the generative function corresponding to a Cantor set (Fig. 1 , upper panel) and we have [8] 
Therefore, we shall observe the transition in the SAS intensity from the region 1, which is a Menger sponge-like fractal, to the region 2 (Cantor set): and D 2 = 1.89 are the corresponding fractal dimensions. In order to assure a complete inclusion of the region 2 into region 1, the iteration number of region 2 shall be higher than the iteration number of region 1.
III. SCATTERING INTENSITY
The scattered intensity for the multiphase system can be written as [4, 6] I(q) = I(0) αF
where
and α is the contrast parameter given by
A more accurate description of SAS from a physical system should involve size polydispersity of the scatterers. Here we consider an ensemble of the three-phase fractal with different sizes taken at random and distributed according to a log-normal distribution function with relative variance σ r [9] . Thus, the average in Eq. (3) is taken both over angles and sizes.
IV. RESULTS AND DISCUSSIONS
The numerical results for the scattering intensity using Eq. (3), but neglecting the correlations (which can play a significant role only at low q [6] ), are shown in Fig. 2 for different values of the contrast parameter α. One can clearly see the appearance of the crossover and we can estimate its position by a simple approximation in the limit of strongly developed polydispersity [6] where u is of the order of (l 0 /l) D1,2 .
For a given q, the amplitude of region 1, F 
where one can use the estimations from Eq. (5). This gives us the following expression for the crossover position
One can clearly observe the Guinier region (which corresponds to both region 1 and region 2), fractal regions of the region 1 and region 2, and a Porod region (Fig. 2) , where we choose ρ 2 /ρ 1 = 0.9 for all the plots, σ r = 0.4 for the relative dispersion, and fractal iteration number m 1 = 6, and respectively m 2 = 7. Then, the values of α depend on the ratio ρ 0 /ρ 1 . For arbitrarily values of α one obtains a direct and smooth transition between fractal regions. The crossover positions are estimated from Eq. (6) and their variation is depicted in Fig. 2b .
Choosing the SLDs so that the contrast ρ 2 − ρ 1 between the region 1 and region 2 is suppressed or setting the volume of region 2 small enough, α gets closer to one and as a consequence, a part of the curve corresponding to region 2 is "absorbed" by the curve corresponding to region 1. Therefore, at sufficiently small values of |1 − α|, the fractal region of the region 2 may not be observed at all (when α 0.9 at the chosen values of parameters).
V. CONCLUSIONS
We develop a theoretical model which describes SAS from multi-phase fractal systems, where one mass fractal (one phase) is embedded into another mass fractal (a second phase) and altogether the combined system is further put into a solution or a solid matrix (a third phase). We derive an analytical expression for the SAS intensity from a mixture of such multi-phase systems. The scattering intensity is characterized by the presence of two successive mass fractal regimes with various scattering exponents and by the appearance of a crossover between these power-law regimes. We show that the crossover position is controlled by the effective contrast parameter which in turn, depends on the relative values of the SLD of each phase and their volumes, and estimate its position.
The developed model can be extended to describe scattering from various complex structures embedded into each other, such as mass fractal into a surface fractal, surface into a surface or surface into a mass fractal.
